Abstract -We establish theoretically and demonstrate experimentally that photon-pair generation through spontaneous parametric down-conversion in a nonlinear waveguide with scattering or material losses can be effectively emulated by classical laser light propagation through a specially designed linear waveguide circuit. This platform can represent arbitrary photon and pump losses, with a potential for the emulation of non-Markovian decay. We characterize the photon-pair correlation spectrum and observe its characteristic transformation from the well-known sinc-shape in lossless waveguides towards a Lorentzian shape in the presence of photon loss.
Introduction. -Integrated optical circuits enable a stable and scalable realization of quantum logic devices, which can form a basis for the mass production of photonic chips for quantum communication and computation [1] [2] [3] [4] [5] [6] [7] . An important challenge is the integration of single-photon sources, which should enable on-chip generation and preparation of quantum states [8] [9] [10] . Spontaneous parametric down-conversion (SPDC) in nonlinear waveguides provides an attractive solution for the experimental on-chip generation of correlated and entangled photon pairs [11] [12] [13] [14] [15] .
Whereas conventional photonic chips are based on dielectric platforms, there is an increasing interest in the development of quantum plasmonic circuits. Such metaldielectric structures are able to strongly confine light to sub-wavelength dimensions, which can enhance the lightmatter interactions. Although metals introduce loss at optical wavelengths, the robust operation of plasmonic circuits with quantum states was recently demonstrated through the observation of quantum interference between single plasmons [16, 17] . The realization of spontaneous (a) These authors contributed equally to this work. frequency conversion in plasmonic structures would provide a route for integrated entangled state generation. However, the effect of losses needs to be carefully considered, since they can nontrivially affect the emerging photon state [18] [19] [20] [21] .
The establishment of quantum-classical analogies is an active research topic due to the cross-fertilization of ideas [22] , with recent examples including simulated quantum walks of entangled photons [23] and the development of classical characterization methods to predict the quantum device performance [24, 25] . In this work, we suggest and experimentally demonstrate that photon-pair generation through SPDC in a nonlinear lossy waveguide can be emulated in a specially designed linear lossless waveguide lattice. Moreover, the developed waveguide platform can be further applied to optically emulate the effects of non-Markovian (non-exponential) decay and quantum decoherence phenomena [26] , which are important for nano-plasmonic circuits [27] .
Materials and methods. -For a theoretical description we consider the process of SPDC in a lossy χ (2) nonlinear waveguide pumped by a quasi-CW laser, where a pump photon at frequency ω p spontaneously splits into signal and idler photons with corresponding frequencies ω s and ω i , such that ω p = ω s + ω i . The effect of linear losses on the SPDC was previously considered in various contexts [18, 19] and the detailed theoretical analysis of the emerging photon intensities and correlations in the regime of photon-pair generation was presented in refs. [20, 21] .
According to the general principles [28] , the photon dynamics is governed by the Hamiltonian
where the first part describes the SPDC in a lossless nonlinear medium (Ĥ nl ) and the latter one represents the linear losses, which model the coupling to an external reservoir (Ĥ loss ). The SPDC process in the absence of losses and in the undepleted classical pump approximation is governed by the Hamiltonian [29] Ĥ nl (z)=β
s,i and a s,i are the creation and annihilation operators for the signal (s) and idler (i) photons with the commutators
s,i are the signal and idler propagation constants relative to the pump (we consider a narrowband regime with β (0) s,i not depending on wavelength), A is the pump amplitude, and χ is the effective quadratic nonlinearity coefficient in the waveguide.
We first analyze the effect of material or scattering losses which are Markovian, i.e., there is no correlation between the loss processes at different positions along the waveguide. Under the condition of negligible thermal fluctuations, the Hamiltonian governing the losses can be written asĤ
, Here, the γ s,i are the linear loss coefficients and the operatorsb † s,i (z) describe photon modes of an external reservoir which are occupied by signal and idler photons that are lost from the waveguide at coordinate z. Such a description of losses is a standard approach which has been used, for example, to describe lossy plasmonic waveguides [30] . The commutator relation conforms to Markovian statistics,
We analyze the photon-pair generation while neglecting multi-photon-pair processes for the appropriately attenuated pump power. Due to losses, one or both photons from a pair can be lost. Nevertheless, the two-photon state can be distinguished from the single-photon or vacuum state by performing correlation measurements with two singlephoton detectors, as schematically illustrated in fig. 1(a) . The two-photon wave function is governed by the following equation [20] :
with the initial condition Φ(z =0 )=0 . H e r e ,Δ β (0) =
is the phase mismatch and γ = γ s + γ i is the combined photon loss coefficient. Importantly, the biphoton evolution is sensitive to the combined signal and idler losses, rather then individual loss coefficients. Taking into account the pump loss rate γ p such that A(z)=A(z =0 ) e −γpz , the probability to simultaneously detect signal and idler photons by two detectors is found to be
We now present an approach to emulate the photonpair generation in a nonlinear lossy waveguide by means of a classical lossless circuit of coupled optical waveguides. In the optical emulator, a classical complex optical mode amplitude evolution along a waveguide directly matches the complex biphoton wave function dynamics. We initially consider the case of a lossless pump propagation with γ p = 0, and accordingly, A(z)=A(0).
The emulating circuit should represent the biphoton wave fuction evolution according to the Hamiltonian that contains the nonlinear and loss terms shown in eq. (1). Interestingly, the nonlinear part describing the biphoton generation by an undepleted pump in a lossless waveguide can be emulated by directionally coupled waveguides [23] . Furthermore, Markovian losses can be emulated through the coupling between one waveguide and a semi-infinite waveguide array [26] . In our circuit we combine both approaches, hence, the resulting design is depicted in fig. 1(b) .
Laser light is launched into the first waveguide representing the pump. The weak coupling of the first to the second waveguide (C 1 ) emulates the generation of biphotons. Accordingly, the light amplitude in the second waveguide emulates the biphoton wave function. Additionally, the propagation constant in the first waveguide is detuned with respect to the other one's in order to account for the phase mismatch Δβ (0) . The photon losses are emulated by light coupling out of the second to the third waveguide (C 2 ), followed by the propagation through an array of waveguides (waveguide number n ≥ 3) with high coupling rate C 3 >C 2 >C 1 . We consider the array to be semi-infinite, or in practice, sufficiently wide to avoid reflections from the edge.
We now prove the mathematical correspondence between the biphoton wave function evolution and the light propagation in the linear waveguide circuit. The laser light propagation in the circuit is described by the coupledmode equations [31] 
where n ≥ 1 are the waveguide numbers, ψ n are the complex classical mode amplitudes, C n are the coupling coefficients proportional to the mode overlaps in the neighboring waveguides, and β n are the waveguide propagation constants. We set C 0 ≡ 0, and in the loss-emulating section C n≥4 = C 3 as well as β n≥3 = β 2 (see fig. 1 ). By applying the Fourier transform ψ n (z)= e iβz f n (β)dβ to eqs. (4) we obtain the corresponding coupled algebraic equations
The solution of eqs. (5) in the semi-infinite section with the homogeneous coupling C 3 for n ≥ 3 has the form of a discrete Bloch wave [31] ,
The wave number k satisfies the spatial dispersion relation −β +2C 3 cos(k)− β 2 = 0, following from eqs. (5). Next we take into account that for n>3 the coupling between the loss-emulating waveguides is much larger than the propagation constant, C 3 ≫|β, β 2 |, which means that cos(k) ≪ 1, and thus, k = κ + π/2, with |κ|≪1 since the array is semi-infinite with no back reflections. Therefore, we can rewrite the dispersion relation as β = −β 2 − 2C 3 sin(κ) ≈ −β 2 − 2C 3 κ. Employing this dispersion, we find from eq. (5) a relation between the modes in the second and the third waveguides
and accordingly in real space ψ 3 (z) ≈ (c 2 /c 3 )iψ 2 (z). We substitute this expression in eqs. (4) for n = 2 and obtain
Further, we consider the undepleted pump regime with C 1 z ≪ 1, and in this case ψ 1 (z) ≈ ψ 1 (0) exp(iβ 1 z). Finally, comparing eq. (2) for the biphoton state and eq. (6) for the classical light evolution in the second waveguide unambiguously shows their equivalence. We require that ψ 2 (z) ≡ Φ(z) and obtain the following relations:
In this vein, the considered waveguide lattice shown in fig. 1(b) effectively emulates the SPDC in a nonlinear lossy waveguide. Specifically, the intensity in waveguide n =2 represents the probability of the signal-idler biphoton generation at the output. In order to perform an experimental analysis we fabricated waveguide structures using the femtosecond laser direct writing technique [1, 32] . In doing so, the propagation constant detuning of the pump guide was controlled via the inscription velocity. The length of the waveguides is 7.6 cm, and their transverse separation determines the coupling coefficient between them [33] . Their detuning emulating the phase mismatch is controlled via the inscription velocity. While the structures emulate different mismatch and loss regimes, the coupling between the first and the second waveguide stays constant at C 1 =0.0575 cm −1 . Thus, the effective pump amplitude A is kept constant for all experiments at the same laser power (|ψ 1 | 2 ) according to eq. (7). For the classical-optical emulation a laser light of 633 nm was injected into the first waveguide and the output intensity of the complete structure was observed via a CCD camera, as illustrated in fig. 1(b) .
Results and discussion. -As a first step we analyze the simplest case without loss (γ = 0). Then the intensity for the signal-idler biphoton provided by eq. (3) exhibits a characteristic sinc-shape,
Figure 2(a) shows this biphoton intensity evolution along a nonlinear waveguide for different phase mismatches. Along theses lines the emulation of SPDC in a nonlinear lossless waveguide is realized by just two linear coupled waveguides (n =1 , 2). In accordance with eq. (7) C 2 = 0 represents the lossless case, such that there is no coupling to the loss-emulating array with n ≥ 3. The corresponding experimental results are presented in fig. 2(b) as blue circles. For comparison we plotted the quantum solution with a solid red line and the numerical solution of the coupled-mode equations representing the emulating circuit with a dashed green line. In the theoretical simulations the pump amplitude is normalized according to the experimental results and is constant for the lossless and the loss-emulating case at Aχ =0 .6238. The data shows excellent agreement between both theoretical curves and the experimental measurements across a wide range of phase mismatches.
Next, we investigate the SPDC in a nonlinear lossy waveguide and its classical emulation. In the presence of loss the biphoton intensity dependence on the phase mismatch transforms from a sinc-shape to a broadened dashed green line) . The length of the waveguides is L =7 .6 cm, the coupling coefficient between the first and second waveguides is C1 =0 .0575 cm −1 , and C2 = 0. Fabrication deviations of the laser written waveguides result in an uncertainty of the phase mismatch (difference in propagation constants) but is within the marker size. Lorentzian shape [19, 20] , as described by eq. (3), which is imaged in fig. 3(a) . This phenomenon can be intuitively explained as follows. When the process of SPDC is phasemismatched, the pump generates the photon pairs with an opposite phase after propagating a coherence length, resulting in destructive interference. However this process is interrupted if either signal or idler photon is lost, since such photons do not interfere with photon-pairs [34] [35] [36] . This phenomenon effectively broadens the phase-matching curve for higher losses and smoothes out the minima present in the sinc shape corresponding to the lossless case.
The emulating system now includes the loss-emulating array with waveguide couplings that determine the loss coefficient (see eq. (7)). The loss-emulating array consists of 20 waveguides (n =3 ,..., 22) , which is sufficient to avoid reflections from the boundary. As a result, we point out the very strong agreement of the quantum calculation compared with the coupled-mode analysis. Strictly speaking, our realized phase mismatches partially exceed the limit C 3 ≫|β, β 2 | of our theoretical derivations. Nevertheless, the almost perfect overlap of both theory curves show that our predictions are still valid. This is even more confirmed by the very good agreement of the experimental data with both theoretical curves. Additionally, we point out that the circuit can be designed to emulate the effect of pump losses as well. This can be achieved by placing a second loss-emulating array on the left of the pump waveguide, as illustrated in fig. 4(a) . The corresponding coupling coefficients are found analogously to eq. (7) as γ p = C 2 0 /C −1 .W ea l s o set C n≤−2 = C −1 and β n≤0 = 0. Interestingly, when the pump loss is equal to the combined signal and idler losses, such that γ p = γ then, the biphoton dependence on the phase mismatch recovers a sinc-shape, just like in the lossless case, which is depicted in fig. 4(b) .
Finally, we note that by altering the arrangement of the waveguides, the developed platform can be tailored to emulate the effects of non-Markovian (non-exponential) decay and quantum decoherence phenomena [26] . This can be achieved by breaking the condition C 2 ≪ C 3 .Ap a r t i cularly interesting situation arises when C 2 ≈ C 3 .I nt h i s case we observe the suppression of the SPDC efficiency in the regime of exact phase matching, when Δβ (0) =0. This effect gradually develops along the propagation direction, as shown in fig. 5(a) . The output profile presented in fig. 5(b) features a clearly visible dip in the SPDC intensity spectrum, which would not be possible in the case of conventional Markovian losses. Essentially, non-Markovian losses enable revivals and fractional decoherence of lost photons [26] enabling back-and-forth dynamics between the photon pair and the loss reservoir, which qualitatively may behave similaly to the phase-mismatch facilitating a back-and-forth between the photon pair and the pump. The simulation of non-Markovian losses is important, because it may help to study potentially attractive systems such as a photonic crystal cavity coupled to a waveguide [37] .
Conclusions. -In conclusion, we presented the theoretical concept and the experimental realization of a classical optical emulator of quantum photon-pair generation in a lossy quadratic nonlinear waveguide. Our system fully emulates the spatial evolution of two-photon states and corresponding time-averaged correlations within the framework of the considered approximations (undepleted pump, single-guided mode SPDC, and no higher-order photon pairs), even though the temporal statistics and quantum fluctuations are not captured. The transformation of a conventional sinc-shaped photon-pair correlation spectrum into a Lorenzian shape in the presence of signal and idler photon losses was demonstrated. Our approach based on a linear waveguide lattice is very flexible, and can further enable emulations of non-Markovian processes and pump losses, which are a common feature in photonic nanostructures including plasmonic circuits. * * * This work has been supported by the Australian Research Council (Discovery Projects DP130100135 and DP160100619), the Erasmus Mundus NANOPHI Project (contract number 2013 5669/002-001), the German Ministry for Education and Research (Alexander von Humboldt Fellowship), the Deutsche Forschungsgemeinschaft (grants SZ276/7-1, SZ276/9-1, SZ276/12-1, SZ276/15-1, BL574/13-1), and the Australia-Germany Joint Research Cooperation Scheme (grant no. 57216238).
